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1. Introduction
Two-dimensional models of elastic plates play a particularly important role in engineering, where they are used to
describe the bending of these thin structures under mechanical and thermal loads. The need for enhanced and more accurate
information that characterizes today’s technology has led to the proposal of new plate theories, which contain reﬁnements
of Kirchhoff’s classical model in that they offer information on all three components of the displacement ﬁeld as well as on
the bending and twisting moments and transverse shear force. One such theory, expounded in [1], was later generalized to
one that includes thermoelastic effects [2].
As expected, the price paid for more modeling sophistication comes in the shape of increased diﬃculty in the accom-
panying mathematical analysis, which must always be performed to ensure that the problem is well posed and thus to
justify and validate all subsequent numerical approximations. In this paper, we carry out a rigorous investigation of the
time-dependent bending of an inﬁnite thermoelastic plate with transverse shear deformation (see [1,2]) weakened by a
crack, with Dirichlet boundary data prescribed along the crack edges. We formulate the problem in a distributional setting
and then prove its unique solvability by means of a combination of the Laplace transformation technique and variational
methods.
Displacement boundary value problems for plates with cracks are a useful tool in many types of analysis involving linear
elastic fracture mechanics. Their solutions can be used to compute stress intensity factors, which play an essential role in
damage tolerance design for components that need to operate with structural ﬂaws. Direct applications can be found in
quantifying the structural integrity of aircraft skins, and of large-diameter, thin-walled pressure vessels.
The corresponding results in the absence of thermal effects were obtained in [3–5].
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Consider an elastic plate that occupies a region S¯ × [−h0/2,h0/2] in R3, where S is a domain in R2 and h0 = const
is such that 0 < h0  diam S . A generic point in the plate is written in terms of Cartesian coordinates as x′ = (x, x3),
x = (x1, x2) ∈ S¯ . The displacement vector at x′ in the plate at time t  0 is denoted by v(x′, t) = (v1(x′, t), v2(x′, t), v3(x′, t))T ,
where the superscript T indicates matrix transposition, and the temperature is denoted by θ(x′, t).
In the plate model proposed in [1] it is assumed that
v(x′, t) = (x3u1(x, t), x3u2(x, t),u3(x, t))T .
If thermal effects are also present, then we account for them through the “averaged temperature moment,” deﬁned by [2]
u4(x, t) = 1
h2h0
h0/2∫
−h0/2
x3θ(x, x3, t)dx3, h
2 = h
2
0
12
,
where the factor 1/h2 has been introduced purely for convenience. In this case, the vector-valued function U = (uT ,u4)T ,
u = (u1,u2,u3)T , satisﬁes the equation
LU (x, t) = B0∂2t U (x, t) + B1∂tU (x, t) + AU (x, t) = Q (x, t), (x, t) ∈ S × (0,∞), (1)
where B0 = diag{ρh2,ρh2,ρ,0}, ∂t = ∂/∂t , ρ > 0 is the constant density of the material,
B1 =
⎛
⎜⎜⎜⎝
0 0 0 0
0 0 0 0
0 0 0 0
η∂1 η∂2 0 −1
⎞
⎟⎟⎟⎠ , A =
⎛
⎜⎝ A
h2∂1
h2∂2
0
0 0 0 −Δ
⎞
⎟⎠ ,
A =
⎛
⎜⎝
−h2μΔ − h2(λ + μ)∂21 + μ −h2(λ + μ)∂1∂2 μ∂1
−h2(λ + μ)∂1∂2 −h2μΔ − h2(λ + μ)∂22 + μ μ∂2
−μ∂1 −μ∂2 −μΔ
⎞
⎟⎠ ,
∂β = ∂/∂xβ , β = 1,2, Δ is the two-dimensional Laplacian, and  ,  , and η are physical constants, which are expressed in
terms of the thermal conductivity k, thermal expansion coeﬃcient α, speciﬁc heat ce , density ρ , reference temperature θ0,
and Lamé constants λ and μ by the equalities
 = k(ρce)−1,  = (3λ + 2μ)α, η = (3λ + 2μ)αθ0k−1.
The right-hand side in (1) has the form Q = (qT ,q4)T , where q = (q1,q2,q3)T is a combination of the forces and moments
acting on the plate and its faces and q4 is a combination of the averaged heat-source density, temperature, and heat ﬂux on
the faces.
We assume that the initial conditions are homogeneous; that is,
U (x,0) = 0, ∂tu(x,0) = 0, x ∈ S. (2)
This does not restrict the generality of the problem since any inhomogeneity in (2) can be transferred to the right-hand
side of system (1) and the boundary conditions [6].
To keep the notation simple, in what follows we modify the meaning of the symbol S . First, let ∂ S be a simple, closed
C2-curve that divides R2 into interior and exterior domains S+ and S− , let ∂ S0 be an open connected arc of ∂ S which
models a crack, and let ∂ S1 = ∂ S \ ∂ S¯0. We now set S = R2 \ ∂ S¯0 and assume this inﬁnite domain to be the middle-plane
section of the plate. We write Σ = S × (0,∞), Σ± = S± × (0,∞), Γ = ∂ S × (0,∞), and Γν = ∂ Sν × (0,∞), ν = 0,1.
We consider the initial-boundary value problem (TCD) that consists in ﬁnding the solution of system (1) satisfying initial
conditions (2) and the edge-of-the-crack Dirichlet boundary conditions
U+(x, t) = F+(x, t), U−(x, t) = F−(x, t), (x, t) ∈ Γ0,
where the superscripts + and − denote the limiting values of the corresponding functions as (x, t) tends to Γ from inside
Σ+ or Σ− , respectively. The vector-valued functions F± = (( f ±)T , f ±4 )T , f ± = ( f ±1 , f ±2 , f ±3 )T , are prescribed.
Before we investigate the variational (weak) formulation of (TCD), we study the boundary value problem (TCDp) to which
(TCD) is reduced by the application of the Laplace transformation with respect to t . After that, we return to the spaces of
originals and establish the unique weak solvability of our time-dependent problem.
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In what follows, the Laplace transforms of functions are identiﬁed by a superposed hat; thus,
Uˆ (x, p) = (LU )(x, p) =
∞∫
0
e−ptU (x, t)dt.
We denote by Cl( S¯), l = 0,1,2, . . . , the space of (vector-valued) functions U deﬁned in both S¯+ and S¯− and satisfying
U | S¯+ ∈ Cl
(
S¯+
)
, U | S¯− ∈ Cl
(
S¯−
)
,(
∂αU
)+
(x) = (∂αU)−(x), x ∈ ∂ S1, |α| l,
where the superscripts ± indicate the limiting values of the corresponding functions as x tends to ∂ S from inside S± . It
should be noted that U and its derivatives may exhibit jump discontinuities across the arc ∂ S0.
The transition to Laplace transforms in (TCD) leads to the problem (TCDp) depending on the complex parameter p. The
classical formulation of this problem consists in ﬁnding Uˆ ∈ C2(S) ∩ C( S¯), where C( S¯) = C0( S¯), which satisﬁes
p2B0Uˆ (x, p) + p(B1Uˆ )(x, p) + (AUˆ )(x, p) = Qˆ (x, p), x ∈ S,
Uˆ±(x, p) = Fˆ±(x, p), x ∈ ∂ S0. (3)
Let Hm(R2), m ∈ R, be the standard space of distributions vˆ4(x), x ∈ R2, with norm
‖vˆ4‖m =
{∫
R2
(
1+ |ξ |2)m∣∣v˜4(ξ)∣∣2d ξ
}1/2
,
where v˜4(ξ) is the distributional Fourier transform of vˆ4(x).
For every p ∈ C and m ∈ R, Hm,p(R2) is the space of three-component distributions vˆ = (vˆ1, vˆ2, vˆ3)T which coincides
with [Hm(R2)]3 as a set but is endowed with the norm
‖vˆ‖m,p =
{∫
R2
(
1+ |ξ |2 + |p|2)m∣∣v˜(ξ)∣∣2 dξ
}1/2
.
We write Hm,p(R2) = Hm,p(R2) × Hm(R2) and deﬁne the norm of the elements Vˆ = (vˆ T , vˆ4)T of this space by
|||Vˆ |||m,p = ‖vˆ‖m,p + ‖vˆ4‖m.
The spaces Hm(S±) and Hm,p(S±) consist of the restrictions to S± of all vˆ4 ∈ Hm(R2) and vˆ ∈ Hm,p(R2), respectively.
Their norms are
‖uˆ4‖m;S± = inf
vˆ4∈Hm(R2): vˆ4|S±=uˆ4
‖vˆ4‖m,
‖uˆ‖m,p;S± = inf
vˆ∈Hm,p(R2): vˆ|S±=uˆ
‖vˆ‖m,p .
Let Hm,p(S±) = Hm,p(S±) × Hm(S±); the norm of a generic element Uˆ = (uˆT , uˆ4)T is
|||Uˆ |||m,p;S± = ‖uˆ‖m,p;S± + ‖uˆ4‖m;S± .
If p = 0, then we write
Hm
(
R
2)= Hm,0(R2)= [Hm(R2)]3,
Hm
(
R
2)= Hm(R2)× Hm(R2)= [Hm(R2)]4,
Hm
(
S±
)= Hm,0(S±)= [Hm(S±)]3,
Hm
(
S±
)= Hm(S±)× Hm(S±)= [Hm(S±)]4.
The norms on [Hm(R2)]n and [Hm(S±)]n are denoted by the same symbols ‖ · ‖m and ‖ · ‖m;S± , respectively, for all n =
1,2, . . . , as this does not cause any ambiguity.
We now go over to spaces of distributions on the boundary curve ∂ S . Thus, let H1/2(∂ S) and H1/2,p(∂ S) be the spaces
of the traces [7] on ∂ S of all uˆ4 ∈ H1(S±) and uˆ ∈ H1,p(S±), with norms
I. Chudinovich, C. Constanda / J. Math. Anal. Appl. 348 (2008) 286–297 289‖ fˆ4‖1/2;∂ S = inf
uˆ4∈H1(S+): uˆ4|∂ S= fˆ4
‖uˆ4‖1;S+ ,
‖ fˆ ‖1/2,p;∂ S = inf
uˆ∈H1,p(S+): uˆ|∂ S= fˆ
‖uˆ‖1,p;S± .
We write H1/2,p(∂ S) = H1/2,p(∂ S) × H1/2(∂ S); the norm of a generic element Fˆ = ( fˆ T , fˆ4)T of this space is
||| Fˆ |||1/2,p;∂ S = ‖ fˆ ‖1/2,p;∂ S + ‖ fˆ4‖1/2;∂ S .
We denote by the same symbols γ ± the continuous (uniformly with respect to p ∈ C) trace operators from H1(S±)
to H1/2(∂ S), from H1,p(S±) to H1/2,p(∂ S), and from H1,p(S±) to H1/2,p(∂ S). If p = 0, then we write
H1/2(∂ S) = H1/2,0(∂ S) =
[
H1/2(∂ S)
]3
,
H1/2(∂ S) = H1/2(∂ S) × H1/2(∂ S) =
[
H1/2(∂ S)
]4
.
The norms on [H1/2(∂ S)]n are denoted by ‖ · ‖1/2;∂ S for all n = 1,2, . . . .
If Uˆ (x, t) = (uˆT (x, t), uˆ4(x, t))T is deﬁned for x ∈ S , then we denote its restrictions to S± by Uˆ± = (uˆT±, uˆ±,4)T and write
uˆ4 = {uˆ+,4, uˆ−,4}, uˆ = {uˆ+, uˆ−}, and Uˆ = {Uˆ+, Uˆ−}. Let πν , ν = 0,1, be the operators of restriction from ∂ S to ∂ Sν , and let
γ ±ν = πνγ ± be the trace operators on ∂ Sν .
For every p ∈ C, let H1(S), H1,p(S), and H1,p(S) be the spaces of all uˆ4 = {uˆ+,4, uˆ−,4}, uˆ = {uˆ+, uˆ−}, and Uˆ = {Uˆ+, Uˆ−}
such that uˆ±,4 ∈ H1(S±), uˆ± ∈ H1,p(S±), Uˆ± ∈ H1,p(S±), and γ +1 uˆ+,4 = γ −1 uˆ−,4, γ +1 uˆ+ = γ −1 uˆ− , γ +1 Uˆ+ = γ −1 Uˆ− . The
norms on H1(S), H1,p(S), and H1,p(S) are
‖uˆ4‖1;S = ‖uˆ+,4‖1;S+ + ‖uˆ−,4‖1,p;S− ,
‖uˆ‖1,p;S = ‖uˆ+‖1,p;S+ + ‖uˆ−‖1,p;S− ,
|||Uˆ |||1,p;S = |||Uˆ+|||1,p;S+ + |||Uˆ−|||1,p;S− .
Let H˚1(S), H˚1,p(S), and H˚1,p(S) be the subspaces of H1(R2), H1,p(R2), and H1,p(R2) which consist of all uˆ4, uˆ, and Uˆ
such that γ +0 uˆ+,4 = γ −0 uˆ−,4 = 0, γ +0 uˆ+ = γ −0 uˆ− = 0, and γ +0 Uˆ+ = γ −0 Uˆ− = 0. We denote by H˚−1( S¯) and H−1(S), H˚−1,p( S¯)
and H−1,p(S), H˚−1,p( S¯) and H−1,p(S) the duals of H1(S) and H˚1(S), H1,p(S) and H˚1,p(S), H1,p(S) and H˚1,p(S), respec-
tively, with respect to the duality generated by the inner product (·,·)0 in the corresponding spaces [L2(S)]n . The norms on
these spaces are denoted by ‖ · ‖−1;S¯ and ‖ · ‖−1;S , ‖ · ‖−1,p;S¯ and ‖ · ‖−1,p;S , ||| · |||−1,p;S¯ and ||| · |||−1,p;S . On H−1,p(S) it is
also convenient to use the equivalent norm
〈Qˆ 〉−1,p;S = |p|‖qˆ‖−1,p;S + ‖qˆ4‖−1;S .
We denote by H˚1/2(∂ S0), H˚1/2,p(∂ S0), and H˚1/2,p(∂ S0), respectively, the subspaces of H1/2(∂ S), H1/2,p(∂ S), and
H1/2,p(∂ S) of all fˆ4, fˆ , and Fˆ with compact support in ∂ S0.
Let H1/2(∂ S0), H1/2,p(∂ S0), and H1/2,p(∂ S0) be the spaces of the restrictions from ∂ S to ∂ S0 of the elements of
H1/2(∂ S), H1/2,p(∂ S), and H1/2,p(∂ S). The norms on these spaces are deﬁned by
‖ fˆ4‖1/2;∂ S0 = inf
ϕˆ4∈H1/2(∂ S): π0ϕˆ4= fˆ4
‖ϕˆ4‖1/2,∂ S ,
‖ fˆ ‖1/2,p;∂ S0 = inf
ϕˆ∈H1/2,p(∂ S): π0ϕˆ= fˆ
‖ϕˆ‖1/2,p;∂ S ,
||| Fˆ |||1/2,p;∂ S0 = inf
Φˆ∈H1/2,p(∂ S): π0Φˆ= Fˆ
|||Φˆ|||1/2,p;∂ S .
We consider an operator l0 of extension from ∂ S0 to ∂ S , which maps (continuously and uniformly with respect to p)
H1/2(∂ S0) to H1/2(∂ S), H1/2,p(∂ S0) to H1/2,p(∂ S), and H1/2,p(∂ S0) to H1/2,p(∂ S). Additionally, we consider operators l±
of extension from ∂ S to S± , which map (continuously and uniformly with respect to p) H1/2(∂ S) to H1(S±), H1/2,p(∂ S)
to H1,p(S±), and H1/2,p(∂ S) to H1,p(S±).
Let Uˆ (x, p) be a classical solution of (TCDp), and let C∞0 (S) be the subspace of C∞0 (R2) consisting of all Uˆ such that
Uˆ (x) = 0, x ∈ ∂ S0. If we take an arbitrary function Wˆ ∈ C∞0 (S), multiply the ﬁrst equation in (3) by Wˆ in [L2(S)]4, and
integrate the result over S or R2, we obtain the equality
Υp(Uˆ , Wˆ ) = (Qˆ , Wˆ )0, (4)
where
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(
B1/20 uˆ, B
1/2
0 wˆ
)
0 + −1p(uˆ4, wˆ4)0 − h2±(uˆ4,div wˆ)0 + ηp(div uˆ, wˆ4)0,
a(uˆ, wˆ) = 2
∫
S
E(uˆ, wˆ)dx,
2E(uˆ, wˆ) = h2E0(uˆ, wˆ) + h2μ(∂2uˆ1 + ∂1uˆ2)(∂2 ¯ˆw1 + ∂1 ¯ˆw2) + μ
[
(uˆ1 + ∂1uˆ3)( ¯ˆw1 + ∂1 ¯ˆw3) + (uˆ2 + ∂2uˆ3)( ¯ˆw2 + ∂2 ¯ˆw3)
]
,
E0(uˆ, wˆ) = (λ + 2μ)
[
(∂1uˆ1)(∂1 ¯ˆw1) + (∂2uˆ2)(∂2 ¯ˆw2)
]+ λ[(∂1uˆ1)(∂2 ¯ˆw2) + (∂2uˆ2)(∂1 ¯ˆw1)],
B0 = diag
{
ρh2,ρh2,ρ
}
.
Eq. (4) suggests a natural variational (weak) formulation of (TCDp). We say that Uˆ ∈ H1,p(S) is a variational (weak)
solution of (TCDp) if it satisﬁes γ
+
0 Uˆ = Fˆ+ , γ −0 Uˆ = Fˆ− , and (4) for any Wˆ ∈ H˚1,p(S).
We introduce the set Cκ = {p = σ + iζ ∈ C: σ > κ}. Below, the symbol c represents all positive constants occurring in
estimates, which do not depend on the functions in those estimates or on p ∈ Cκ , but may depend on κ .
Theorem 1. For any κ > 0, p ∈ Cκ , Qˆ ∈H−1,p(S), and Fˆ± ∈H1/2,p(∂ S0) such that δ Fˆ = Fˆ+ − Fˆ− ∈ H˚1/2,p(∂ S0), (TCDp) has a
unique solution Uˆ ∈H1,p(S) and
|||Uˆ |||1,p;S  c
{〈Qˆ 〉−1,p;S + |p|(∣∣∣∣∣∣ Fˆ+∣∣∣∣∣∣1/2,p;∂ S0+|||δ Fˆ |||1/2,p;∂ S
)}
. (5)
Proof. Let p ∈ Cκ , κ > 0. First, we consider the case when Fˆ+ = Fˆ− = 0. Here, problem (TCDp) consists in ﬁnding Uˆ ∈
H˚1,p(S) that satisﬁes (4) for any Wˆ ∈ H˚1,p(S). Replacing wˆ by pwˆ and wˆ4 by h2η−1 wˆ4 in (4), we arrive at an equivalent
problem (TCD′p), which consists in ﬁnding Uˆ ∈ H˚1,p(S) such that
Υ ′p(Uˆ , Wˆ ) = p¯(qˆ, wˆ)0 + h2η−1(qˆ4, wˆ4)0 ∀Wˆ ∈ H˚1,p(S), (6)
where
Υ ′p(Uˆ , Wˆ ) = p¯a(uˆ, wˆ) + h2η−1(∇uˆ4,∇ wˆ4)0 + p|p|2
(
B1/20 uˆ, B
1/2
0 wˆ
)
0
+ h2(η)−1p(uˆ4, wˆ4)0 − h2
{
p¯(uˆ4,div wˆ)0 − p(div uˆ, wˆ4)0
};
therefore,
ReΥ ′p(Uˆ , Uˆ ) = σa(uˆ, uˆ) + h2η−1‖∇uˆ4‖20 + σ |p|2
∥∥B1/20 uˆ∥∥20 + h2(η)−1σ‖uˆ4‖20,
where ‖ · ‖0 is the norm on [L2(S)]n . In [4] it is shown that
a(uˆ, uˆ) + ‖uˆ‖20  c‖uˆ‖21;S ∀uˆ ∈ H1(S);
hence,
ReΥ ′p(Uˆ , Uˆ ) c|||Uˆ |||21,p ∀Uˆ ∈ H˚1,p(S), (7)
so the form Υ ′p(Uˆ , Uˆ ) is coercive on [H˚1,p(S)]2.
Next, we turn our attention to the conjugate-linear functional on the right-hand side in (6). By the trace theorem [7],
∣∣p¯(qˆ, wˆ)0 + h2η−1(qˆ4, wˆ4)0∣∣ c{|p|‖qˆ‖−1,p;S‖wˆ‖1,p + ‖qˆ4‖−1;S‖wˆ4‖1} c〈Qˆ 〉−1,p;S |||Wˆ |||1,p. (8)
Applying the Lax–Milgram lemma, we deduce that (6) is uniquely solvable, which means that so is (4) when Fˆ = 0. In this
case, estimate (5) follows from (7) and (8).
We now consider the full problem (TCDp). Let Fˆ+ = l0 Fˆ+ , and let Fˆ− be an extension of Fˆ− such that π1 Fˆ+ = π1 Fˆ− .
We take Zˆ = { Zˆ+, Zˆ−} = {l+ Fˆ+, l− Fˆ−} ∈H1,p(S) and seek a solution of (TCDp) in the form Uˆ = Zˆ + Yˆ , where Yˆ ∈ H˚1,p(S)
satisﬁes
Υp(Yˆ , Wˆ ) = (Qˆ , Wˆ )0 − Υp( Zˆ , Wˆ ) ∀Wˆ ∈ H˚1,p(S).
From the explicit form of Υp and the continuity of l0 it follows that for any Wˆ ∈ H˚1,p(S),∣∣Υp( Zˆ , Wˆ )∣∣ c{‖zˆ‖1,p;S‖wˆ‖1,p + ‖zˆ4‖1;S‖wˆ4‖1 + |p|2‖zˆ‖0‖wˆ‖0
+ |p|‖zˆ4‖0‖wˆ4‖0 + ‖zˆ4‖0‖wˆ‖1,p + |p|‖zˆ‖1,p;S‖wˆ4‖0
}
 c|p|||| Zˆ |||1,p;S |||Wˆ |||1,p
 c|p|{||| Fˆ+|||1/2,p;∂ S + ||| Fˆ−|||1/2,p;∂ S}|||Wˆ |||1,p
 c|p|{∣∣∣∣∣∣ Fˆ+∣∣∣∣∣∣ +|||δ Fˆ |||1/2,p;∂ S |||}|||Wˆ |||1,p. (9)1/2,p;∂ S0
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|||Yˆ |||1,p;S  c
{〈Qˆ 〉−1,p;S + |p|(∣∣∣∣∣∣ Fˆ+∣∣∣∣∣∣1/2,p;∂ S0+|||δ Fˆ |||1/2,p;∂ S
)}
,
which yields (5). 
For any κ > 0 and k, l ∈ R, the spaces HL1,l,κ (S), HL1,k,κ (S), and HL1,l,k,κ (S) = HL1,k,κ (S) × HL1,l,κ (S) consist of elements
uˆ4(x, p), uˆ(x, p), and Uˆ (x, p) that
(i) deﬁne holomorphic mappings
uˆ4(·, p) :Cκ → H1(S),
uˆ(·, p) :Cκ →
[
H1(S)
]3
,
Uˆ (·, p) :Cκ →
[
H1(S)
]4;
(ii) have norms deﬁned by
‖uˆ4‖21,l,κ;S = sup
σ>κ
∞∫
−∞
(
1+ |p|2)l∥∥uˆ4(x, p)∥∥21;S dτ < ∞,
‖uˆ‖21,k,κ;S = sup
σ>κ
∞∫
−∞
(
1+ |p|2)k∥∥uˆ(x, p)∥∥21,p;S dτ < ∞,
|||Uˆ |||1,l,k,κ;S = ‖uˆ‖1,k,κ;S + ‖uˆ4‖1,l,κ;S .
Similarly, HL−1,l,κ (S), H
L
−1,k,κ (S), and HL−1,l,k,κ (S) = HL−1,k,κ (S) × HL−1,l,κ (S) consist of elements qˆ4(x, p), qˆ(x, p), and
Qˆ (x, p) that
(i) deﬁne holomorphic mappings
qˆ4(·, p) : Cκ → H−1(S),
qˆ(·, p) : Cκ →
[
H−1(S)
]3
,
Qˆ (·, p) : Cκ →
[
H−1(S)
]4;
(ii) have norms deﬁned by
‖qˆ4‖2−1,l,κ;S = sup
σ>κ
∞∫
−∞
(
1+ |p|2)l∥∥qˆ4(x, p)∥∥2−1;S dτ < ∞,
‖qˆ‖2−1,k,κ;S = sup
σ>κ
∞∫
−∞
(
1+ |p|2)k∥∥qˆ(x, p)∥∥2−1,p;S dτ < ∞,
|||Qˆ |||−1,l,k,κ;S = ‖qˆ‖−1,k,κ;S + ‖qˆ4‖−1,l,κ;S .
HL1/2,l,κ (∂ S0), H
L
1/2,k,κ (∂ S0), and HL1/2,l,k,κ (∂ S0) = HL1/2,k,κ (∂ S0) × HL1/2,l,κ (∂ S0) are the spaces of elements fˆ4(x, p),
fˆ (x, p), and Fˆ (x, p) that
(i) deﬁne holomorphic mappings
fˆ4(·, p) : Cκ → H1/2(∂ S0),
fˆ (·, p) : Cκ →
[
H1/2(∂ S0)
]3
,
Fˆ (·, p) : Cκ →
[
H1/2(∂ S0)
]4;
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‖ fˆ4‖21/2,l,κ;∂ S0 = supσ>κ
∞∫
−∞
(
1+ |p|2)l∥∥ fˆ4(x, p)∥∥21/2;∂ S0 dτ < ∞,
‖ fˆ ‖21/2,k,κ;S = sup
σ>κ
∞∫
−∞
(
1+ |p|2)k∥∥ fˆ (x, p)∥∥21/2,p;∂ S0 dτ < ∞,
||| Fˆ |||1/2,l,k,κ;∂ S0 = ‖ fˆ ‖1/2,k,κ;∂ S0 + ‖ fˆ4‖1/2,l,κ;∂ S0 .
H˚L1/2,l,κ (∂ S0), H˚
L
1/2,k,κ (∂ S0), and H˚L1/2,l,k,κ (∂ S0) = H˚L1/2,k,κ (∂ S0) × H˚L1/2,l,κ (∂ S0) consist of elements δ fˆ4(x, p), δ fˆ (x, p),
and δ Fˆ (x, p) that
(i) deﬁne holomorphic mappings
δ fˆ4(·, p) : Cκ → H˚1/2(∂ S0),
δ fˆ (·, p) : Cκ →
[
H˚1/2(∂ S0)
]3
,
δ Fˆ (·, p) : Cκ →
[
H˚1/2(∂ S0)
]4;
(ii) have norms deﬁned by
‖δ fˆ4‖21/2,l,κ;∂ S = sup
σ>κ
∞∫
−∞
(
1+ |p|2)l∥∥δ fˆ4(x, p)∥∥21/2;∂ S dτ < ∞,
‖δ fˆ ‖21/2,k,κ;∂ S = sup
σ>κ
∞∫
−∞
(
1+ |p|2)k∥∥δ fˆ (x, p)∥∥21/2,p;∂ S dτ < ∞,
|||δ Fˆ |||1/2,l,k,κ;∂ S = ‖δ fˆ ‖1/2,k,κ;∂ S + ‖δ fˆ4‖1/2,l,κ;∂ S .
Theorem 2. If κ > 0, l ∈ R, and
Qˆ ∈HL−1,l+1,l,κ (S), Fˆ± ∈HL1/2,l+1,l+1,κ (∂ S0) (10)
are such that δ Fˆ = Fˆ+ − Fˆ− ∈ H˚L1/2,l+1,l+1,κ (∂ S0), then the (weak) solution Uˆ of (TCDp) belongs toHL1,l,l,κ (S) and satisﬁes
|||Uˆ |||1,l,l,κ;S  c
{|||Qˆ |||−1,l+1,l,κ;S + ∣∣∣∣∣∣ Fˆ+∣∣∣∣∣∣1/2,l+1,l+1,κ;∂ S0+|||δ Fˆ |||1/2,l+1,l+1,κ;∂ S
}
. (11)
Proof. As a ﬁrst step, we show that Uˆ deﬁnes a holomorphic mapping
Uˆ (·, p) : Cκ →
[
H1(S)
]4
. (12)
We ﬁx an arbitrary p0 ∈ Cκ and consider a circle KR(p0) of radius R with the center at p0 and such that K¯ R(p0) ⊂ Cκ .
By (10), the mappings
Qˆ (·, p) : Cκ →
[
H−1(S)
]4
, Fˆ±(·, p) : Cκ →
[
H1/2(∂ S0)
]4
(13)
are continuous in K¯ R(p0) and holomorphic in KR(p0). Let Vˆ be the weak solution of the problem
p20B0 Vˆ (x, p) + p0(B1 Vˆ )(x, p) + (AVˆ )(x, p) = Qˆ (x, p), x ∈ S,
Vˆ±(x, p) = Fˆ±(x, p), x ∈ ∂ S0.
According to (5),
|||Vˆ |||1,p0;S  c
{〈Qˆ 〉−1,p0;S + |p|(∣∣∣∣∣∣ Fˆ+∣∣∣∣∣∣1/2,p0;∂ S0+|||δ Fˆ |||1/2,p0;∂ S
)}
or
|||Vˆ |||[H (S)]4  c
{〈Qˆ 〉[H (S)]4 + |p|(∣∣∣∣∣∣ Fˆ+∣∣∣∣∣∣ 4+|||δ Fˆ |||[H (∂ S)]4)}. (14)1 −1 [H1/2(∂ S0)] 1/2
I. Chudinovich, C. Constanda / J. Math. Anal. Appl. 348 (2008) 286–297 293Since
p20B0Uˆ (x, p) + p0B1Uˆ (x, p) + AUˆ (x, p) = Qˆ (x, p) +
(
p20 − p2
)
B0Uˆ (x, p) + (p0 − p)B1Uˆ (x, p),
we use (14), the boundedness of mappings (13), and the obvious inequality
|||Uˆ |||[H−1(S)]4  |||Uˆ |||[H1(S)]4
to conclude that the mapping Uˆ (·, p) : K¯ R(p0) → [H1(S)]4 is bounded for suﬃciently small R . Evidently, we have
p20B0
(
Uˆ (x, p) − Uˆ (x, p0)
)+ p0B1(Uˆ (x, p) − Uˆ (x, p0))+ A(Uˆ (x, p) − Uˆ (x, p0))
= Qˆ (x, p) − Qˆ (x, p0) +
(
p20 − p2
)
B0Uˆ (x, p) + (p0 − p)B1Uˆ (x, p),
with corresponding boundary conditions. This equation and (14) show that mapping (12) is continuous with respect to p
at p0.
Let Zˆ(x) = (zˆT (x), zˆ4(x))T be the (weak) solution of the problem
p20B0 Zˆ(x) + p0B1 Zˆ(x) + A Zˆ(x) = Qˆ ′(x, p0) − 2p0B0Uˆ (x, p0) − B1Uˆ (x, p0), x ∈ S,
Zˆ+(x) = Fˆ ′+(x, p0), Zˆ−(x) = Fˆ ′−(x, p0), x ∈ ∂ S0,
where the “prime” denotes differentiation with respect to p. It is clear that
Yˆ (x, p) = Uˆ (x, p) − Uˆ (x, p0)
p − p0 − Zˆ(x)
satisﬁes
p20B0 Yˆ (x, p) + p0B1 Yˆ (x, p) + AYˆ (x, p)
= Qˆ (x, p) − Qˆ (x, p0)
p − p0 − Qˆ
′(x, p0) − (p + p0)B0Uˆ (x, p) − 2p0B0Uˆ (x, p0) − B1
(
Uˆ (x, p) − Uˆ (x, p0)
)
and appropriate boundary conditions. Since (10) is continuous at p0 and mappings (13) are holomorphic at p0, it follows
that (12) is holomorphic at p0. The arbitrariness of p0 ∈ Cκ now implies that (12) is holomorphic in Cκ , and the assertion
follows from (5) and the deﬁnition of the norms on the corresponding spaces. 
4. Existence of solution
Let HL−11,l,k,κ (Σ), HL
−1
−1,l,k,κ (Σ), HL
−1
1/2,l,k,κ (Γ0), and H˚L
−1
1/2,l,k,κ (Γ0), κ > 0, l,k ∈ R, be the spaces of the inverse Laplace
transforms of the elements of HL1,l,k,κ (S), HL−1,l,k,κ (S), HL1/2,l,k,κ (∂ S0), and H˚L1/2,l,k,κ (∂ S0). The norms on these spaces are
|||U |||1,l,k,κ;Σ = |||Uˆ |||1,l,k,κ;S ,
|||Q |||−1,l,k,κ;Σ = |||Qˆ |||−1,l,k,κ;S ,
|||F |||1/2,l,k,κ;Γ0 = ||| Fˆ |||1/2,l,k,κ;∂ S0 ,
|||δF |||1/2,l,k,κ;Γ = |||δ Fˆ |||1/2,l,k,κ;∂ S .
We continue to use the symbols γ ±ν , ν = 1,2, for the trace operators from Σ± to Γν , and the symbols πν for the operators
of restriction from Γ to Γν . We denote by C∞0 (Σ) the subspace of C∞0 (R¯
+
3 ) consisting of all W such that W (x, t) = 0,
(x, t) ∈ Γ0. We call U = (uT ,u4)T ∈HL−11,0,0,κ (Σ) a weak solution of (TCD) if
(i) γ0u = 0, where γ0 is the trace operator on S × {t = 0};
(ii) γ +0 U = F+ and γ −0 U = F−;
(iii) for all W = (wT ,w4)T ∈ C∞0 (Σ),
Υ (U ,W ) =
∞∫
0
(Q ,W )0 dt, (15)
where
Υ (U ,W ) =
∞∫
0
{
a(u,w) + (∇u4,∇w4)0 −
(
B1/20 ∂tu, B
1/2
0 ∂t w
)
0
− −1(u4, ∂t w4)0 − h2(u4,divw)0 − η(divu, ∂t w4)0
}
dt.
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l ∈ R, and
Q ∈HL−1−1,l+1,l,κ (Σ), F± ∈HL
−1
1/2,l+1,l+1,κ (Γ0) (16)
are such that δF = F+ − F− ∈ H˚L−11/2,l+1,l+1,κ (Γ0), then U ∈HL
−1
1,l,l,κ (Σ) and satisﬁes
|||U |||1,l,l,κ;Σ  c
{|||Q |||−1,l+1,l,κ;Σ + ∣∣∣∣∣∣F+∣∣∣∣∣∣1/2,l+1,l+1,κ;Γ0+|||δF |||1/2,l+1,l+1,κ;Γ
}
. (17)
If, in addition, l 0, then U is a weak solution of problem (TCD).
Proof. Using (11), (16), and the deﬁnition of the norms on the spaces of originals, we see that the restrictions of U to Σ±
belong to HL−11,l,l,κ (Σ±), and that (17) holds. Hence, all we need to prove is that U satisﬁes (15) for l 0.
We recall that any two functions f1 and f2 such that
∞∫
0
e−2κν t
∣∣ fν(t)∣∣2 dt < ∞, ν = 1,2,
satisfy Parseval’s equality [8]
∞∫
0
e−(κ1+κ2)t f1(t) f2(t)dt = 1
2π
∞∫
−∞
fˆ1(κ1 + iτ ) fˆ2(κ2 + iτ )dτ . (18)
We ﬁx any σ > κ , take κ1 = σ and κ2 = −σ in (18), and write p = σ + iτ , p∗ = −σ + iτ . Then (18) becomes
∞∫
0
f1(t) f2(t)dt = 1
2π
∞∫
−∞
fˆ1(p) fˆ2(p∗)dτ .
For W ∈ C∞0 (Σ), we write W (x, t) = (wT (x, t),w4(x, t))T , Wˆ (x, p) = (wˆT (x, p), wˆ4(x, p))T , and Wˆ (x, p∗) = (wˆT (x, p∗),
wˆ4(x, p∗))T , and bring (15) to the form
∞∫
−∞
[
a
(
uˆ, wˆ∗
)+ (∇uˆ4,∇ wˆ∗4)0 + p2(B1/20 uˆ, B1/20 wˆ∗)0 + p(B1/20 uˆ, B1/20 w0)0 + −1p(uˆ4, wˆ∗4)0 + −1(uˆ4,w0,4)0
− h2 (uˆ4,div wˆ∗)0 + ηp(div uˆ, wˆ∗4)0 + η(div uˆ,w0,4)0 − (Qˆ , Wˆ ∗)0]dτ = 0,
where W0(x) = W (x,0) = (w0(x)T ,w0,4(x))T . Expanding (6) with Wˆ replaced by Wˆ ∗ − (p∗)−1W0 = Wˆ ∗ + (p¯)−1W0, we
obtain
a
(
uˆ, wˆ∗
)+ p−1a(uˆ,w0) + (∇uˆ4,∇ wˆ∗4)0 + p−1(∇uˆ4,∇w0,4)0 + p2(B1/20 uˆ, B1/20 wˆ∗)0 + p(B1/20 uˆ, B1/20 w0)0
+ −1p(uˆ4, wˆ∗4)0 + −1(uˆ4,w0,4)0 − h2 (uˆ4,div wˆ∗)0 − h2 p−1(uˆ4,divw0)0 + ηp(div uˆ, wˆ∗4)0 + η(div uˆ,w0,4)0
− (Qˆ , Wˆ ∗)0 − p−1(Qˆ ,W0)0 = 0;
therefore, we need to show that
∞∫
−∞
p−1
[
a(uˆ,w0) + (∇uˆ4,∇w0,4)0 − h2(uˆ4,divw0)0 − (Qˆ ,W0)0
]= 0.
Let ϕ(t) = (q,w0)0. The Laplace transform ϕˆ(p) = (qˆ,w0)0 of this function satisﬁes
∣∣ϕˆ(p)∣∣ c‖q‖−1;S‖w0‖1,
where ‖ · ‖1 and ‖ · ‖−1;S are the norms on the spaces H˚1(S) = H˚1,0(S) and H−1(S) = H−1,0(S); hence,
∞∫
0
e−2σ t
∣∣ϕ(t)∣∣2 dt = 1
2π
∞∫
−∞
∣∣ϕˆ(p)∣∣2 dτ  c‖w0‖21
∞∫
−∞
‖qˆ‖2−1;S dτ .
Given that ‖uˆ‖1,p  c|p|‖uˆ‖1 for any uˆ ∈ H˚1,p(S) and p = σ + iτ , we see that for any qˆ ∈ H−1(S),
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∞∫
0
e−2σ t
∣∣ϕ(t)∣∣2 dt  c‖w0‖21‖qˆ‖2−1,1,κ;S .
Since q ∈ HL−1−1,1,κ (Σ), the latter inequality implies that
∞∫
0
e−2σ t
∣∣ϕ(t)∣∣2 dt < c < ∞,
which, in turn, shows that the function ψ(t) = ∫ t0 ϕ(λ)dλ is continuous on [0,∞) and that
0 = ψ(0) = 1
2π
∞∫
−∞
p−1(qˆ,w0)0 dτ .
Now let ϕ(t) = (q4,w0,4)0. Then ϕˆ(p) = (qˆ4,w0,4)0 satisﬁes the inequality |ϕˆ(p)|  c‖qˆ4‖−1;S‖w0,4‖1. Since q4 ∈
HL−1−1,0,κ (Σ), we have
∞∫
0
e−2σ t
∣∣ϕ(t)∣∣2 dt  c‖w0,4‖21
∞∫
−∞
‖qˆ4‖2−1;S dτ  c < ∞,
and so, ψ(t) = ∫ t0 ϕ(λ)dλ satisﬁes
0 = ψ(0) = 1
2π
∞∫
−∞
p−1(qˆ4,w0,4)0 dτ .
Finally, we take ϕ(t) = a(u,w0) + (∇u4,∇w0,4)0. Its Laplace transform ϕˆ(p) = a(uˆ,w0) + (∇uˆ4,∇w0,4)0 obviously sat-
isﬁes
∣∣ϕˆ(p)∣∣ c{‖uˆ‖1,p;S‖w0‖1 + ‖uˆ4‖1,S‖w0,4‖1} c|||Uˆ |||1,p;S |||W0|||1.
From (5) and (16) it follows that
∞∫
0
e−2σ t
∣∣ϕ(t)∣∣2 dt  c|||W0|||21|||Uˆ |||21,0,0,κ;S  c < ∞;
consequently, ψ(t) = ∫ t0 ϕ(λ)dλ satisﬁes
0 = ψ(0) = 1
2π
∞∫
−∞
p−1
[
a(uˆ,w0) + (∇uˆ4,∇w0,4)0
]
dτ .
The equality
∫∞
−∞ p
−1(uˆ4,divw0)0 dτ = 0 is proved similarly. This completes the proof. 
5. Uniqueness of solution
Theorem 4. The initial-boundary value problem (TCD) has at most one weak solution.
Proof. Let U1,U2 ∈HL−11,0,0,κ (Σ) be two solutions of problem (TCD). Then U = (uT ,u4)T = U1 − U2 ∈HL
−1
1,0,0,κ (Σ) satisﬁes
(i) γ0u = 0;
(ii) γ +0 U = γ −0 U = 0;
(iii) Υ (U ,W ) = 0 for all W = (wT ,w4)T ∈ C∞0 (Σ).
Consider a Hilbert space H with norm ‖ · ‖H . By Hl(0, T ; H), T ∞, l = 0,1,2, . . . , we denote the space of functions
α : (0, T ) → H with norm
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0
l∑
k=0
∥∥∂kt α(t)∥∥2H dt,
where ∂tα(t) is the generalized derivative of α(t) [7]. If l = 0, then we use the notation L2(0, T ; H) = H0(0, T ; H). Since
u ∈ HL−11,0,κ (Σ), it follows that u ∈ L2(0, T ; L2(S)), ∂νu ∈ L2(0, T ; L2(S)), ν = 1,2, and ∂tu ∈ L2(0, T ; L2(S)) for any T < ∞.
This means that u ∈ L2(0, T ;H1(S)) ∩ H1(0, T ; L2(S)), where H1(S) = [H1(S)]3. For similar reasons, u4 ∈ L2(0, T ; H1(S±)).
Let Z = (zT , z4)T , z = (z1, z2, z3)T , be deﬁned by
Z(x, t) =
t∫
0
τ∫
0
U (x, ζ )dζ dτ .
Evidently, z ∈ H2(0, T ;H1(S)) ∩ H3(0, T ; L2(S)) and z4 ∈ H2(0, T ; H1(S)), so ∂2t z(·, t) is absolutely continuous as a mapping
from [0, T ] to L2(S±) and ∂t z4(·, t) is absolutely continuous as a mapping from [0, T ] to H1(S±). Furthermore, z(·,0) =
∂t z(·,0) = ∂2t z(·,0) = 0 and z4(·,0) = ∂t z4(·,0) = 0.
Consider a function (“averaging kernel”) ω(t) such that
(i) ω ∈ C∞0 (R), suppω ⊂ [−1,1], ω(t) 0;
(ii)
∫∞
−∞ ω(t)dt = 1.
It is clear that for any T > 0, the sequence
ωn(t) = nω
(
n(t − T )), n ∈ N,
converges, as n → ∞, to the Dirac delta δ(t − T ) in the distributional sense.
Choosing an arbitrary V = (vT , v4)T ∈ C∞0 (Σ), constructing the sequence
Vn(x, t) = ωn(t)V (x, t) =
(
vTn (x, t), v4,n(x, t)
)T
,
and taking Wn ∈ C∞0 (Σ) deﬁned by
Wn(x, t) =
∞∫
t
∞∫
τ
Vn(x, ζ )dζ dτ =
(
wTn (x, t),w4,n(x, t)
)T
,
we deduce that
Υ (Z , Vn) =
∞∫
0
[
a(z, vn) + (∇z4,∇v4,n)0 −
(
B1/20 ∂t z, B
1/2
0 ∂t vn
)
0
− −1(z4, ∂t v4,n)0 − h2(z4,div vn)0 − η(div z, ∂t v4,n)0
]
dt
=
∞∫
0
[
a
(
z, ∂2t wn
)+ (∇z4,∇∂2t w4,n)0 − (B1/20 ∂t z, B1/20 ∂3t wn)0
− −1(z4, ∂3t w4,n)0 − h2 (z4,div ∂2t wn)0 − η(div z, ∂3t w4,n)0]dt
=
∞∫
0
[
a(u,wn) + (∇u4,∇w4,n)0 −
(
B1/20 ∂tu, B
1/2
0 ∂t wn
)
0
− −1(u4, ∂t w4,n)0 − h2(u4,divwn)0 − η(divu, ∂t w4,n)0
]
dt
= Υ (U ,Wn) = 0.
Integration by parts now leads to
∞∫
0
[
a(z, vn) + (∇z4,∇v4,n)0 +
(
B1/20 ∂
2
t z, B
1/2
0 vn
)
0 + −1(∂t z4, v4,n)0 − h2(z4,div vn)0 + η(div ∂t z, v4,n)0
]
dt = 0,
so, as n → ∞,
a
(
z(x, T ), v(x, T )
)+ (∇z4(x, T ),∇v4(x, T ))0 + (B1/20 ∂2T z(x, T ), B1/20 v(x, T ))0 + −1(∂T z4(x, T ), v4(x, T ))0
− h2 (z4(x, T ),div v(x, T )) + η(div ∂T z(x, T ), v4(x, T )) = 0.0 0
I. Chudinovich, C. Constanda / J. Math. Anal. Appl. 348 (2008) 286–297 297Since this holds for all T > 0, we may replace T by t and integrate with respect to t over (0, T ) to obtain
T∫
0
[
a(z, v) + (∇z4,∇v4)0 +
(
B1/20 ∂
2
t z, B
1/2
0 v
)
0 + −1(∂t z4, v4)0 − h2(z4,div v)0 + η(div ∂t z, v4)0
]
dt = 0. (19)
Approximating ∂t z and z4 by means of inﬁnitely smooth (with respect to x) functions with compact support, we see that
we can take v = ∂t z and v4 = h2η−1z4 in (19); that is,
T∫
0
[
a(z, ∂t z) + h2η−1‖∇z4‖20 +
(
B1/20 ∂
2
t z, B
1/2
0 ∂t z
)
0 + h2η−1−1(∂t z4, z4)0
− h2(z4,div ∂t z)0 + h2(div ∂t z, z4)0
]
dt = 0,
where ‖ · ‖0 is the norm on [L2(S)]n; hence,
T∫
0
Re
[
a(z, ∂t z) + h2η−1‖∇z4‖20 +
(
B1/20 ∂
2
t z, B
1/2
0 ∂t z
)
0 + h2η−1−1(∂t z4, z4)0
]
dt = 0
and
T∫
0
d
dt
Re
[
a(z, z) + ∥∥B1/20 ∂t z∥∥20 + h2η−1−1‖z4‖20,S±]dt  0.
This yields
[
a(z, z) + ∥∥B1/20 ∂t z∥∥20 + h2η−1−1‖z4‖20]t=T  0,
from which, in turn, Z(x, T ) = 0 for all T > 0. Since U = ∂2t Z , we conclude that U (x, t) = 0 for all t  0, and the theorem is
proved. 
6. Conclusions
We have considered an initial-boundary value problem for a thin thermoelastic plate with a crack modeled by a ﬁnite arc
of a smooth curve, under the assumption that the displacements are prescribed on both sides of the crack. After introducing
suitable normed spaces of distributions, we used the Laplace transformation to reduce the problem to an elliptic one, which
we showed to be well posed. Additionally, we showed that the unique solution of the latter deﬁnes a holomorphic mapping
of the transformation parameter. This allowed us to prove the existence and uniqueness of the solution to the original
problem, and its continuous dependence on the data. The problem is now ready for the construction of potential methods
that will convert it into a one-dimensional system of singular integral equations, which can then be solved numerically by
means of the boundary element technique.
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